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WEIGHT-LATTICE DISCRETIZATION OF WEYL-ORBIT FUNCTIONS
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Abstract. Weyl-orbit functions have been defined for each simple Lie algebra, and permit
Fourier-like analysis on the fundamental region of the corresponding affine Weyl group. They
have also been discretized, using a refinement of the coweight lattice, so that digitized data on the
fundamental region can be Fourier-analyzed. The discretized orbit function has arguments that
are redundant if related by the affine Weyl group, while its labels, the Weyl-orbit representatives,
invoke the dual affine Weyl group. Here we discretize the orbit functions in a novel way, by using
the weight lattice. A cleaner theory results, with symmetry between the arguments and labels
of the discretized orbit functions. Orthogonality of the new discretized orbit functions is proved,
and leads to the construction of unitary, symmetric matrices with Weyl-orbit-valued elements.
For one type of orbit function, the matrix coincides with the Kac-Peterson modular S matrix,
important for Wess-Zumino-Novikov-Witten conformal field theory.
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1. Introduction
Weyl-orbit functions [20–23] have been defined for all simple Lie algebras Xn (n is the rank, and
X = A,B,C,D,E, F or G). They give rise to various Fourier-like analyses of data on the fundamental
region F of the corresponding affine Weyl groups. For the purposes of this introduction, we will not
distinguish between the fundamental region F and related regions F σ – see Sect. 3 and eqn. (28).
Discretized versions have been studied for the analysis of digitized data on the same fundamental
region. The digitization is controlled by a positive integer M , which can be considered the resolution.
The discretized Weyl-orbit functions [14, 15] have as their domain a fragment FM of the lattice P
∨/M
in F , where P∨ is the coweight lattice of Xn. Let us call FP,M a P/M -fragment of F . For fixed
M , a set of Weyl orbits can be specified such that the associated discretized Weyl-orbit functions are
pairwise orthogonal [12, 14, 24]. Their number equals the number of points in the fragment FM . The
dominant-weight representatives of the Weyl orbits fill out a P -fragment of the M -dilation of F∨, the
fundamental region of the dual affine Weyl group associated with Xn.
The properties of the orbit functions have been intensively investigated [3, 10, 11, 13, 20–23], includ-
ing their discretizations [12, 14, 15, 24]. Recently, a remarkable similarity was noticed between one
class of discretized orbit functions with important objects in conformal field theory [16] (see eqn. (27)
therein). Specifically, the modular S-matrix of the Wess-Zumino-Novikov-Witten (WZNW) conformal
field theories, first written by Kac and Peterson [19], involves an alternating sum over the Weyl orbit
of a dominant weight, as does the so-called S-function. In [14], this similarity was exploited by using
known attributes of the Kac-Peterson matrices to uncover new, analogous properties of the discretized
Weyl-orbit functions.
However, there is one striking, important difference between the discretized S-functions and the Kac-
Peterson modular S-matrices (also known as the affine modular S matrices). While a Kac-Peterson
matrix is symmetric, there is asymmetry between the labels and arguments of the orbit functions.
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Arguments lie in the P∨/M -fragment FM of F , while the labels are elements of the P -fragment of
MF∨. The affine Weyl group of Xn is relevant for the arguments, while for the labels, it is the dual
affine Weyl group.
Here we point out that a different discretization of the Weyl-orbit functions removes this argument-
label asymmetry. This new discretization is somewhat more natural than the original one introduced
in [14], and the resulting values of the new S-functions are identical to the elements of the Kac-
Peterson matrices. Only the starting point needs to be changed: we use a P/M -fragment FP,M as
the discretization of F , instead of the P∨/M -fragment FM of [14]. The latter should perhaps now be
denoted FP∨,M .
Although part of our motivation comes from the appearance of one class of orbit functions in con-
formal field theory, all orbit functions have cleaner, more symmetric properties with the new, finer
weight-lattice discretization. For completeness we treat together here all the different classes of orbit
functions related to sign homomorphisms of the Weyl group of Xn (see Sect. 3 below). As an interest-
ing spin-off, we obtain a generalization of the Kac-Peterson formula for arbitrary sign homomorphism,
eqn. (50).
Let us describe the plan of this paper. In the next section, notation is set and properties of the
relevant affine Weyl groups are reviewed. Section 3 describes the sign homomorphisms and the orbit
functions built using them. Section 4 counts the numbers of arguments and labels of the discretized
orbit functions as grid elements and the orthogonality of the P -discretized orbit functions is established.
Section 5 treats the affine, or Kac-Peterson, modular S-matrix, and establishes the identity of its
elements with the values of weight-discretized Weyl-orbit functions. The discrete transforms are also
discussed. Sect. 6 is our conclusion, which includes a short comparison between the new P - and previous
P∨-discretizations of orbit functions.
2. Pertinent properties of affine Weyl groups
2.1. Roots and weight lattice.
The notation, established in [14], is used. Recall that, to the simple Lie algebra of rank n, corresponds
the set of simple roots ∆ = {α1, . . . , αn} of the root system Π [1,2,17]. The set ∆ spans the Euclidean
space Rn, with the scalar product denoted by 〈 , 〉. The set of simple roots determines partial ordering
≤ on Rn – for λ, ν ∈ Rn it holds that ν ≤ λ if and only if λ − ν = k1α1 + · · · + knαn with ki ∈ Z≥0
for all i ∈ I with I := {1, . . . , n}. The root system Π and its set of simple roots ∆ can be defined
independently of Lie theory and such sets which correspond to compact simple Lie groups are called
crystallographic [17]. There are two types of sets of simple roots – the first type with roots of only one
length (simply-laced), denoted conventionally as An≥1, Dn≥4, E6, E7, E8; and the second type with
two different lengths of roots, denoted Bn≥3, Cn≥2, G2 and F4. For the second type systems, the set
of simple roots consists of short simple roots ∆s and long simple roots ∆l, i.e. the following disjoint
decomposition is given,
∆ = ∆s ∪∆l. (1)
The standard objects, related to the set ∆ ⊂ Π, are the following [1, 4, 17]:
• the highest root ξ ∈ Π with respect to the partial ordering ≤ restricted on Π,
• the marks m1, . . . ,mn ∈ N of the highest root ξ =: −α0 = m1α1 + · · · + mnαn, together with
m0 := 1, the marks are summarized in Table 1 in [14],
• the root lattice Q = Zα1 + · · ·+ Zαn,
• the Z-dual lattice to Q, the coweight lattice
P∨ =
{
ω∨ ∈ Rn | 〈ω∨, α〉 ∈ Z, ∀α ∈ ∆} = Zω∨1 + · · ·+ Zω∨n ,
where {ω∨1 , . . . , ω∨n} are the fundamental coweights, with
〈αi, ω∨j 〉 = δij , (2)
• the dual root lattice Q∨ = Zα∨1 + · · ·+ Zα∨n , where α∨i = 2αi/〈αi, αi〉, i ∈ I,
• the comarks q1, . . . , qn ∈ N of the highest root ξ = q1α∨1 +· · ·+qnα∨n and q0 := 1; for simply-laced
root systems the marks and the comarks coincide, for nonsimply-laced systems the comarks are
summarized in Table 1,
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Type d Comarks q1, . . . , qn R
σs Rσ
l
qσ
s
qσ
l
Bn (n ≥ 3) 4 1, 2, . . . , 2, 1 rn r0, r1, . . . , rn−1 1 2n− 2
Cn (n ≥ 2) 2n 1, 1, . . . , 1, 1 r1, . . . , rn−1 r0, rn n− 1 2
G2 3 2, 1 r2 r0, r1 1 3
F4 4 2, 3, 2, 1 r3, r4 r0, r1, r2 3 6
Table 1. The orders of |P/Q∨|, the comarks, the decomposition of the sets of generators
R and of the dual Coxeter number g of nonsimply-laced root systems. Numbering of the
simple roots is standard (see e.g. Figure 1 in [14]).
• the Coxeter number m = ∑i∈Iˆ mi and the dual Coxeter number g = ∑i∈Iˆ qi, where Iˆ :=
{0, 1, . . . , n},
• the Z-dual lattice to Q∨, the weight lattice
P =
{
ω ∈ Rn | 〈ω, α∨〉 ∈ Z, ∀α∨ ∈ Q∨} = Zω1 + · · ·+ Zωn,
where {ω1, . . . , ωn} are the fundamental weights, with
〈α∨i , ωj〉 = δij , (3)
• the Cartan matrix C with elements Cij = 〈αi, α∨j 〉 and with the properties
α∨j =
∑
k∈I
ω∨kCkj , αj =
∑
k∈I
Cjkωk , (4)
• the Gram determinant of the α∨-basis d = det〈α∨i , α∨j 〉 determining the orders of the quotient
group P/Q∨
d = |P/Q∨| = 2〈α1, α1〉 · · ·
2
〈αn, αn〉 detC; (5)
for simply-laced systems d concides with detC, for nonsimply-laced systems the numbers d are
summarized in Table 1.
The n reflections rα, α ∈ ∆ in (n− 1)-dimensional mirrors orthogonal to simple roots intersecting at
the origin are given explicitly for a ∈ Rn by
rαa = a− 〈α, a〉α∨. (6)
and the affine reflection r0 with respect to the highest root ξ is given by
r0a = rξa+
2ξ
〈ξ, ξ〉 , rξa = a−
2〈a, ξ〉
〈ξ, ξ〉 ξ , a ∈ R
n . (7)
The set of reflections r1 := rα1 , . . . , rn := rαn , together with the affine reflection r0, is denoted by R,
R = {r0, r1, . . . , rn}. (8)
2.2. Weyl group and affine Weyl group.
The Weyl group W is generated by n reflections rα, α ∈ ∆. The set R of n + 1 generators (8)
generates the affine Weyl group W aff . Since the affine Weyl group W aff is the semidirect product of the
Abelian group of translations T (Q∨) by shifts from Q∨ and of the Weyl group W ,
W aff = T (Q∨)oW = 〈r | r ∈ R〉 ,
for any waff ∈ W aff , there exists a unique w ∈ W and a unique shift T (q∨) such that waff = T (q∨)w.
Taking any waff = T (q∨)w ∈W aff , the retraction homomorphism ψ : W aff →W is given by
ψ(waff) = w, (9)
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The fundamental domain F of W aff , which consists of precisely one point of each W aff -orbit, is the
convex hull of the points
{
0,
ω∨1
m1
, . . . , ω
∨
n
mn
}
,
F =
∑
i∈I
yiω
∨
i
∣∣ yj ∈ R≥0,∑
i∈Iˆ
yjmj = 1
 . (10)
Let us denote the isotropy subgroup of a point a ∈ Rn and its order by
StabW aff (a) =
{
waff ∈W aff | waffa = a
}
, h(a) = |StabW aff (a)|,
and define a function ε : Rn → N by the relation
ε(a) =
|W |
h(a)
. (11)
The following abbreviation for any M ∈ N is used
hM (a) =
∣∣∣StabW aff ( aM )∣∣∣ . (12)
Since for any waff ∈ W aff the stabilizers StabW aff (a) and StabW aff (waffa) are conjugate, one obtains
that
ε(a) = ε(waffa), waff ∈W aff . (13)
Recall that the stabilizer StabW aff (a) of a point a = y1ω
∨
1 + · · ·+ ynω∨n ∈ F is trivial, StabW aff (a) = 1
if the point a is in the interior of F , a ∈ int(F ). Otherwise the group StabW aff (a) is generated by such
ri for which yi = 0, i ∈ Iˆ.
Considering the standard action of W on the torus Rn/Q∨, we denote for x ∈ Rn/Q∨ the isotropy
group by Stab(x) and the orbit and its order by
Wx =
{
wx ∈ Rn/Q∨ |w ∈W} , ε˜(x) ≡ |Wx|.
Recall the following three properties from Proposition 2.2 in [14] of the action of W on the torus Rn/Q∨:
(1) For any x ∈ Rn/Q∨, there exists x′ ∈ F ∩ Rn/Q∨ and w ∈W such that
x = wx′. (14)
(2) If x, x′ ∈ F ∩ Rn/Q∨ and x′ = wx, w ∈W , then
x′ = x = wx. (15)
(3) If x ∈ F ∩ Rn/Q∨, i.e. x = a+Q∨, a ∈ F , then ψ(StabW aff (a)) = Stab(x) and
Stab(x) ∼= StabW aff (a). (16)
From (16) we obtain that for x = a+Q∨, a ∈ F it holds that
ε(a) = ε˜(x). (17)
Note that instead of ε˜(x), the symbol ε(x) is used for |Wx|, x ∈ F ∩Rn/Q∨ in [12,14]. The method of
calculation of the coefficients ε(x) is detailed in §3.7 in [14].
3. Sign homomorphisms and orbit functions
3.1. Sign homomorphisms.
To introduce various classes of orbit functions, we consider ‘sign’ homomorphisms σ : W → {±1}.
The following two choices of homomorphism values of generators rα, α ∈ ∆, lead to the well-known
homomorphisms:
1(rα) = 1 (18)
σe(rα) = −1 (19)
which yield for any w ∈W
1(w) = 1 (20)
σe(w) = detw. (21)
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Using the decomposition (1), two additional homomorphisms are given as follows [12]:
σs(rα) =
{
1, α ∈ ∆l
−1, α ∈ ∆s
(22)
σl(rα) =
{
1, α ∈ ∆s
−1, α ∈ ∆l.
(23)
3.2. Fundamental domains.
Each of the four sign homomorphisms determines a decomposition of the fundamental domain F .
The factors of this decomposition are crucial for the study of the discretized orbit functions. For each
sign homomorphism σ the appropriate subset F σ ⊂ F is
F σ =
{
a ∈ F ∣∣ σ ◦ ψ (StabW aff (a)) = {1}} (24)
where ψ is the retraction homomorphism (9). Since for all points of the interior of F the stabilizer is
trivial, i.e. StabW aff (a) = 1, a ∈ int(F ), the interior int(F ) is a subset of all F σ. Let us also define the
corresponding subset Rσ of generators R of W aff
Rσ = {r ∈ R | σ ◦ ψ (r) = −1} (25)
and subsets of the boundaries Hσ of F
Hσ = {a ∈ F | (∃r ∈ Rσ)(ra = a)} . (26)
Note that the sets F σ
s
, Rσ
s
and Hσ
s
correspond to the sets F s, Rs and Hs from [12]; similar cor-
respondence holds for the long versions of these sets. Note also that R1 = ∅ and Rσe = R and for
nonsimply-laced systems R = Rσ
s ∪ Rσl . For nonsimply-laced systems are the subsets of generators
Rσ
s
and Rσ
l
summarized in Table 1. Moreover, the sets F σ and Hσ correspond to the sets F σ(0) and
Hσ(0) from [3]. Thus, specializing Proposition 2.7 from [3], the following set equality holds
F σ = F \Hσ. (27)
Introducing the symbols yσi , i ∈ Iˆ
yσi ∈
{
R>0, ri ∈ Rσ
R≥0, ri ∈ R \Rσ,
the explicit form of F σ is given by
F σ =
∑
i∈I
yσi ω
∨
i
∣∣ ∑
i∈Iˆ
yσi mi = 1
 . (28)
3.3. Orbit functions.
Depending on the type of root system, two or four sign homomorphisms induce the corresponding
types of families of complex orbit functions. Within each family are the complex functions ϕσλ : Rn → C
labeled by weights λ ∈ P ,
ϕσλ(a) =
∑
w∈W
σ(w) e2pii〈wλ, a〉, a ∈ Rn. (29)
Recall from Proposition 3.1 in [3] that for any waff ∈W aff and a ∈ Rn it holds that
ϕσλ(w
affa) = σ ◦ ψ(waff)ϕσλ(a) (30)
and that the functions ϕσλ are all zero on the boundary H
σ,
ϕσλ(a
′) = 0, a′ ∈ Hσ (31)
and therefore the functions ϕσλ are considered on the domain F
σ only.
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Proposition 3.1. Let a ∈ 1MP with M ∈ N. Then for any waff ∈W aff and λ ∈ P it holds that
ϕσ
Mwaff( λ
M
)
(a) = σ ◦ ψ(waff)ϕσλ(a) (32)
and the functions ϕσλ are identically zero on the boundary MH
σ, i.e.
ϕσλ ≡ 0, λ ∈MHσ. (33)
Proof. Considering an element of the affine Weyl group of the form waffa = w′a + q∨, with q∨ ∈ Q∨,
a = µ/M and µ ∈ P , the property (32) is derived,
ϕσ
Mwaff( λ
M
)
(a) =
∑
w∈W
σ(w) e2pii〈w
′λ+Mq∨, wa〉 =
∑
w∈W
σ(w) e2pii〈w
′λ,wa〉e2pii〈q
∨, wµ〉
= σ(w′)ϕσλ(a),
where the third equality follows from W -invariance of P and the Z-duality of P and Q∨ which implies
〈q∨, wµ〉 ∈ Z. Specialization of property (32) for the generators r ∈ Rσ in (26) implies for the weights
λ ∈MHσ that
ϕσλ(a) = ϕ
σ
Mr( λ
M
)
(a) = −ϕσλ(a).

Suppose we have M ∈ N and a ∈ 1MP . It follows from (30) and (31) that the discretized functions
ϕσb can be considered only on the set
F σP,M :=
1
M
P ∩ F σ. (34)
Defining the set
ΛσP,M := P ∩MF σ, (35)
Proposition 3.1 implies that the functions ϕσλ on the finite set F
σ
P,M can be parameterized by λ ∈ ΛσP,M
only.
4. Discretization of orbit functions
4.1. Number of elements of F σP,M .
In order to derive an explicit form of the sets F σP,M , the points of F
σ from (28) are rewritten in the ω-
basis (the basis of fundamental weights {ωi, i ∈ I}) via the relation ω∨i = 2ωi/〈αi, αi〉 and substitution
uσi = 2My
σ
i /〈αi, αi〉, i ∈ Iˆ is used. Then taking into account the relation between the marks and the
comarks qi = mi〈αi, αi〉/2, i ∈ I, one obtains
F σP,M =
∑
i∈I
uσi
ωi
M
∣∣ ∑
i∈Iˆ
uσi qi = M
 , (36)
with
uσi ∈
{
N, ri ∈ Rσ
Z≥0, ri ∈ R \Rσ.
From definitions (34) and (35) follows that it holds MF σP,M = Λ
σ
P,M and thus
ΛσP,M =
∑
i∈I
uσi ωi
∣∣ ∑
i∈Iˆ
uσi qi = M
 , (37)
and
|F σP,M | = |ΛσP,M |. (38)
Note that the number of points of the sets
F σP∨,M =
1
M
P∨ ∩ F σ
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is calculated for all cases in [12, 14]. Since for simply-laced root systems with roots of only one length,
An≥1, Dn≥4, E6, E7, E8 it holds that P = P∨ and thus F σP∨,M = F
σ
P,M , the formulas for |F σP∨,M |,
σ = 1, σe in [14] determine also the numbers |F σP,M |. The formulas for the non-simply laced systems are
derived in the following theorem.
Theorem 4.1. The numbers of points of grids F 1P,M of Lie algebras Bn, Cn, G2 and F4 are given by
the following relations.
(1) Bn, n ≥ 3,
|F 1P,2k(Bn)| =
(
n+ k
n
)
+ 3
(
n+ k − 1
n
)
|F 1P,2k+1(Bn)| = 3
(
n+ k
n
)
+
(
n+ k − 1
n
)
(2) Cn, n ≥ 2,
|F 1P,M (Cn)| =
(
n+M
n
)
(3) G2,
|F 1P,2k(G2)| = k2 + 2k + 1, |F 1P,2k+1(G2)| = k2 + 3k + 2
(4) F4,
|F 1P,6k(F4)| =
9
2
k4 +
27
2
k3 + 14k2 + 6k + 1, |F 1P,6k+1(F4)| =
9
2
k4 +
33
2
k3 +
43
2
k2 +
23
2
k + 2
|F 1P,6k+2(F4)| =
9
2
k4 +
39
2
k3 +
61
2
k2 +
41
2
k + 5, |F 1P,6k+3(F4)| =
9
2
k4 +
45
2
k3 + 41k2 + 32k + 9
|F 1P,6k+4(F4)| =
9
2
k4 +
51
2
k3 + 53k2 + 48k + 16, |F 1P,6k+5(F4)| =
9
2
k4 +
57
2
k3 +
133
2
k2 +
135
2
k + 25.
Proof. The algorithm for calculation of the counting polynomials of solutions of the equation u10 +
q1u
1
1 + · · · + qnu1n = M with u10, u11, . . . , u1n ∈ Z≥0 and q1, . . . , qn ∈ N is formulated in Proposition 3.2
in [14]. This algorithm describes for given q1, . . . , qn the construction of L × N matrices RP , with
L = lcm(q1, . . . , qn) and (n+ 1)L− (q0 + q1 + · · ·+ qn) = LN +N ′, N,N ′ ∈ Z≥0, N ′ < L, from which
the counting polynomials are constructed using the formula
|F 1P,Lk+l| =
N∑
i=0
RPli
(
n− i+ k
n
)
.
Using the algorithm, the following RP matrices are obtained, RP (Bn) =
(
1 3
3 1
)
, RP (Cn) = (1),
RP (G2) =
(
1 1
2 0
)
and RP (F4) =

1 34 64 9
2 46 55 5
5 55 46 2
9 64 34 1
16 67 25 0
25 67 16 0
.

Each subset (25) of the set of generators Rσ ⊂ R determines also the corresponding decomposition
of the sum of comarks
qσ =
∑
ri∈Rσ
qi (39)
Note that qσ
e
= g, q1 = 0 and for nonsimply-laced systems g = qσ
s
+ qσ
l
. The numbers qσ
s
and qσ
l
are
for nonsimply-laced systems tabulated in Table 1. The number qσ determines the numbers of elements
of F σ
e
P,M , F
σs
P,M and F
σl
P,M from the counting formulas for F
1
P,M .
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Proposition 4.2. For any sign homomorphism σ and any M ∈ N it holds that
|F σP,M | =

0 M < qσ
1 M = qσ
|F 1P,M−qσ |, M > qσ
(40)
Proof. Taking non-negative numbers u1i ∈ Z≥0 and substituting the relations uσi = 1 + u1i if ri ∈ Rσ
and uσi = u
1
i if ri ∈ R \Rσ into the defining relation (36), one gets
u10 + q1u
1
1 + · · ·+ qnu1n = M − qσ, u10, . . . , u1n ∈ Z≥0.
This equation has one solution [0, . . . , 0] if M = qσ, no solution if M < qσ, and is equal to the defining
relation (36) of F 1M−qσ if M > q
σ. 
Note that Proposition 4.2 implies that
|F σP,M+qσ | = |F 1P,M |.
Example 4.1. For the Lie algebra C2, it holds that d = 4, q
σe = 3, qσ
s
= 1 and qσ
l
= 2. For M = 3, the
order of the group 13P/Q
∨ is equal to 36, and according to Theorem 4.1, Proposition 4.2 and (38) one
obtains
|F 1P,3(C2)| = |Λ1P,3(C2)| =
(
5
2
)
= 10, |F σeP,3(C2)| = |Λσ
e
P,3(C2)| = 1,
|F σsP,3(C2)| = |Λσ
s
P,3(C2)| =
(
4
2
)
= 6, |F σlP,3(C2)| = |Λσ
l
P,3(C2)| =
(
3
2
)
= 3.
The coset representatives of 13P/Q
∨, the fundamental domains F σ and the grids F σP,3 are depicted in
Figure 1. The representatives of coset P/3Q∨ together with the grids of weights ΛσP,3 are depicted in
Figure 2.
4.2. Discrete orthogonality of orbit functions.
To describe the discrete orthogonality of all four types of orbit functions on the sets F σP,M , the ideas
developed in [14,24] need to be modified. Note that since for a ∈ 1MP and µ ∈ P the relation
e2pii〈µ, a+Q
∨〉 = e2pii〈µ, a〉
holds, the exponential mapping e2pii〈µ, x〉 ∈ C for µ ∈ P and x ∈ 1MP/Q∨ is well-defined.
Proposition 4.3. For all µ ∈ P , µ /∈MQ∨ there exists x ∈ 1MP/Q∨ such that e2pii〈µ, x〉 6= 1.
Proof. Suppose there is some µ ∈ P and µ /∈MQ∨ such that for all ν ∈ P
〈µ, ν
M
〉 = 〈 µ
M
, ν〉 ∈ Z. (41)
Then from Z-duality of P and Q∨ follows that µ/M ∈ Q∨, i.e. µ ∈MQ∨ – a contradiction. 
Corollary 4.4. For any µ ∈ P it holds that∑
y∈ 1
M
P/Q∨
e2pii〈µ, y〉 =
{
dMn, µ ∈MQ∨
0, µ /∈MQ∨. (42)
The scalar product of two functions f, g : F σP,M → C is defined as
〈f, g〉FσP,M =
∑
a∈FσP,M
ε(a)f(a)g(a), (43)
where the numbers ε(a) are determined by (11). The following theorem shows that the sets of weights
ΛσP,M are in one-to-one corrrespondence with the lowest maximal sets of pairwise orthogonal orbit
functions.
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F
α2 = α
∨
2
ω1
Hσ
l
Hσ
s
α∨1
r1
r2
ξ = ω∨1
α1
ω2 = ω
∨
2
r0
Figure 1. The fundamental domains F σ and grids F σP,3 of C2. The fundamental
domain F 1 = F is depicted as the grey triangle containing both borders Hσ
s
and Hσ
l
,
depicted as the thick dashed line and dot-and-dashed lines, respectively. The coset
representatives of 13P/Q
∨ are shown as 36 black dots. The six dots belonging to F σsP,3
and three dots belonging to F σ
l
P,3 are crossed with ’+’ and ’×’, respectively. The dot
crossed with both ’+’ and ’×’ represents the only point of F σeP,3. The dashed lines
represent ’mirrors’ r0, r1 and r2. Circles are elements of the root lattice Q; together with
the squares they are elements of the weight lattice P .
Theorem 4.5. For any λ, λ′ ∈ ΛσP,M it holds that
〈ϕσλ, ϕσλ′〉FσP,M = d |W |MnhM (λ)δλ,λ′ , (44)
where d, hM (λ) were defined by (5), (12), respectively, and |W | is the number of elements of the Weyl
group W .
Proof. Taking into account the set equality
F σP,M ∪
[
1
M
P ∩Hσ
]
=
1
M
P ∩ F,
the vanishing property (31) of ϕσλ on borders H
σ gives the equality
〈ϕσλ, ϕσλ′〉FσP,M =
∑
a∈FσP,M
ε(a)ϕσλ(a)ϕ
σ
λ′(a) =
∑
a∈ 1
M
P∩F
ε(a)ϕσλ(a)ϕ
σ
λ′(a).
The W aff -invariance properties (13) and (30) imply the W aff -invariance of ε(a)ϕσλ(a)ϕ
σ
λ′(a),
ε(a)ϕσλ(a)ϕ
σ
λ′(a) = ε(w
affa)ϕσλ(w
affa)ϕσλ′(w
affa), waff ∈W aff . (45)
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ω2 = ω
∨
2
3Hσ
l
r1r2
ω1
α2 = α
∨
2
α∨1α1
ξ = ω∨1
3α∨1
3α∨2
3Hσ
s
r0
F
3F
Figure 2. The grids of weights ΛσP,3 of C2. The darker grey triangle is the fundamental
domain F and the lighter grey triangle is the magnified domain 3F . The magnified
borders 3Hσ
s
and 3Hσ
l
are depicted as the thick dashed lines and dot-and-dashed lines,
respectively. The representatives of coset P/3Q∨ of C2 are shown as 36 black dots. The
six dots belonging to Λσ
s
P,3 and three dots belonging to Λ
σl
P,3 are crossed with ’+’ and ’×’,
respectively. The dot crossed with both ’+’ and ’×’ represents the only point of ΛσeP,3.
The circles, squares and mirrors coincide with those in Figure 1.
Using first the shift invariance in (45) with respect to shifts from Q∨ and (17), one gets∑
a∈ 1
M
P∩F
ε(a)ϕσλ(a)ϕ
σ
λ′(a) =
∑
x∈[ 1M P/Q∨]∩F
ε˜(x)ϕσλ(x)ϕ
σ
λ′(x)
Secondly, the W -invariance in (45) and relations (14), (15) give∑
x∈[ 1M P/Q∨]∩F
ε˜(x)ϕσλ(x)ϕ
σ
λ′(x) =
∑
y∈ 1
M
P/Q∨
ϕσλ(y)ϕ
σ
λ′(y).
The W -invariance of 1MP/Q
∨ allows to continue the calculation,∑
y∈ 1
M
P/Q∨
ϕσλ(y)ϕ
σ
λ′(y) =
∑
w′∈W
∑
w∈W
∑
y∈ 1
M
P/Q∨
σ(ww′)e2pii〈wλ−w
′λ′, y〉
= |W |
∑
w′∈W
σ(w′)
∑
y∈ 1
M
P/Q∨
e2pii〈λ−w
′λ′, y〉. (46)
Note that λ − w′λ′ ∈ MQ∨ for some w′ ∈ W means that λ/M and λ′/M lie in the same W aff -orbit.
Since from definition (35) both λ/M and λ′/M are in F and as the fundamental domain F contains
only one element from each W aff -orbit, λ − w′λ′ ∈ MQ∨ implies λ = λ′. Thus if λ 6= λ′ then for all
w′ ∈W it holds that λ− w′λ′ /∈MQ∨ and (42) forces 〈ϕσλ, ϕσλ′〉FσP,M = 0.
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If λ = λ′ then in (46) are due to (42) non-zero summands only if λ − w′λ ∈ MQ∨, or equivalently
w′ ∈ ψ (StabW aff (λ/M)) and thus
|W |
∑
w′∈W
σ(w′)
∑
y∈ 1
M
P/Q∨
e2pii〈λ−w
′λ, y〉 =d |W |Mn
∑
w′∈ψ(StabWaff ( λM ))
σ(w′).
Since for waff ∈ StabW aff (λ/M) the property ψ(waff) = 1 implies waff = 1 it holds that the subgroups
StabW aff (λ/M) and ψ (StabW aff (λ/M)) are isomorphic and thus it follows that∑
w′∈ψ(StabWaff ( λM ))
σ(w′) =
∑
waff∈Stab
Waff (
λ
M )
σ ◦ ψ(waff).
It remains to recall that λ ∈ ΛσP,M also means that λ/M ∈ F σ and together with definitions (24), (12)
it gives ∑
waff∈Stab
Waff (
λ
M )
σ ◦ ψ(waff) =
∑
waff∈Stab
Waff (
λ
M )
1 = hM (λ).

5. Discrete transforms, S-matrices and Kac-Peterson formula
5.1. Discrete orbit function transforms.
The interpolating functions I[f ]σM : Rn → C of any function f : F σP,M → C are finite linear combina-
tions
I[f ]σM (a) :=
∑
λ∈ΛσP,M
cσλϕ
σ
λ(a) (47)
such that
I[f ]σM (a) =f(a), a ∈ F σP,M . (48)
The discrete orthogonality (44) and the completeness (38) of the sets of functions ϕσλ(a), λ ∈ ΛσP,M ,
a ∈ F σP,M ensure that the coefficients cσλ are uniquely determined. The formulas for calculation of cσλ
which constitute discrete orbit function transforms, are given by
cσλ =
〈f, ϕσλ〉FσP,M
〈ϕσλ, ϕσλ〉FσP,M
= (d |W |MnhM (λ))−1
∑
a∈FσP,M
ε(a)f(a)ϕσλ(a) (49)
and the corresponding Plancherel formulas are of the form∑
a∈FσP,M
ε(a) |f(a)|2 =d |W |Mn
∑
λ∈ΛσP,M
hM (λ)|cσλ|2.
5.2. S-matrices and Kac-Peterson formula.
For every simple Lie algebra Xn, there exists an untwisted affine Kac-Moody algebra X
(1)
n with a
horizontal subalgebra isomorphic to Xn [18]. When the central element of X
(1)
n is fixed to be a positive
integer, the so-called level k ∈ N, the integrable representations of the affine algebra are in one-to-one
correspondence with the horizonal weights of FP,M , with M = k+ g. Kac and Peterson [19] discovered
that the characters of these representations of X
(1)
n , the affine characters, form a finite-dimensional
representation of the modular group SL(2;Z).
Rational conformal field theory [4] is the physical context for this result. Like all rational conformal
field theories, the WZNW models can be formulated on any Riemann surface with a finite number of
marked points. The corresponding correlation functions are written in terms of so-called conformal
blocks, labelled by a trivalent graph that is a degeneration of the marked Riemann surface. Since the
trivalent graph is not unique, a linear transformation between the different sets of conformal blocks
must exist, so that the (physical) correlation function is unique [25].
If a WZNW conformal field theory is considered on a torus, the resulting correlation function is
the partition function, a sesquilinear combination of affine characters. These affine characters are the
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conformal blocks of the torus, labelled by a trivial trivalent graph, the circle. But a circle can be obtained
as the degenerate limit of the torus in an infinite number of different ways – as the a and b cycles of
the torus, e.g. The different choices are mapped to each other by the action of the modular group, with
generators conventionally denoted S and T . Therefore, there is a representation of the modular group
of dimension equal to |FP,k+g|. In particular, the generator S is represented as a unitary, symmetric
matrix of the same dimension.
Theorem 6.3 above proves the orthogonality (44) of the Weyl-orbit functions ϕσλ. The following
unitary matrices are then easily constructed:
Sσλ,µ =
i
|Π|
2 ϕσλ(
−µ
k+qσ )√
d(k + qσ)nhk+qσ(λ)hk+qσ(µ)
, λ, µ ∈ ΛσP,k+qσ . (50)
Like the Kac-Peterson affine modular-S matrices [19], the matrices with entries Sσλ,µ are unitary and
symmetric. Indeed, a simple check reveals that Sσ
e
λ,µ are precisely the elements of the standard Kac-
Peterson matrices. With the new weight-lattice discretization, the identity of the affine modular S-
matrix and Weyl-orbit functions is established.
When σ 6= σe, the matrices with elements (50) can be considered a generalization of the Kac-Peterson
S matrix. We do not know if they are relevant to WZNW conformal field theories. We mention here,
however, that discretized versions of the Weyl-orbit functions for both σ = σe and σ = 1 were used
in [7].
6. Conclusion
Let us first point out where to find the main results of this paper. Formulas (36-38) establish the
argument-label symmetry of the orbit functions in the new weight-lattice discretization. The orthogo-
nality of the orbit functions is established in Theorem 6.3. The affine Sσ matrices defined by (50) gen-
eralize the Kac-Peterson S = Sσ
e
matrix, and establish the identity of the latter with weight-discretized
Weyl-orbit functions.
A comparison is in order of the new weight-lattice discretization with the coweight-lattice discretiza-
tion of [14]. The differences are made plain by comparing Figures 1 and 2 here with Figures 2 and 3
in [14], respectively. All four diagrams treat the case of algebra C2, and the difference in resolutions
used (M = 3 here and M = 4 in Figs. 3 and 4 of [14]) does not obscure. Another difference is that
while Figs. 1 and 2 here deal with fragments F σP,M for all sign homomorphisms σ, ref. [14] only treats
the P∨-fragment FM . The fragments FM in [14], and their generalizations F σM , should now be denoted
FP∨,M , and F
σ
P∨,M , respectively. But a comparison of the two discretizations in the σ = 1 case will
make the essential distinctions clear.
There is a difference between P∨- and P -discretizations in the C2 case because there is a short simple
root α1 and so a corresponding long fundamental coweight ω
∨
1 = 2ω1. FP,M is a finer discretization of the
fundamental region of W aff than is FP∨,M . From Fig. 2 of [14], we see that while the P
∨-discretization
chops the boundary from 0 to ω∨2 /m2 into M segments, only M/m1 = M/2 segments occur between
0 and ω∨1 /m1, the vertex of F . On the other hand, the same diagram shows that there are M = 4
segments between 0 and ω∨1 , a vertex of F∨. P∨-discretization creates a more ‘uniform’ fragment of F∨
than of F . Consequently, as Fig. 3 illustrates, the orbit-function labels discretize a dilation MF∨ = 4F∨
of F∨, rather than of F .
In contrast, Fig. 1 here shows that the P -discretization yields the same number of segments, M = 3,
on the edges between any 2 of the 3 vertices of F . The result is illustrated in Fig. 2: the resulting Weyl-
orbit function labels lie on a P -fragment of the M -dilation (M = 3) of F . By factoring out the dilation
size, M , both arguments and labels in the P -discretization can be treated on the same footing. Table 2
compares the treatment of arguments and labels in coweight- and weight-discretization of Weyl-orbit
functions.
The results presented here describe another practicable discretization of Weyl-orbit functions of all
types. Besides coroot- and root-lattice discretizations, it is also likely the only other type of discretiza-
tion that is natural from the Lie-theoretic point of view. In addition, the new discretization identifies
orbit S-functions and the affine Kac-Peterson modular S-matrices. The discovery of new properties
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Discretization Arguments Labels
Coweight P∨/M ∩ F σ P ∩ MF σ∨
Weight P/M ∩ F σ P ∩ MF σ
Table 2. Weight- vs. coweight discretization of Weyl-orbit functions.
of discretized orbit functions analogous to those of affine modular matrices (see [5, 6, 8, 9], e.g.) that
was begun in [16] should now continue easily. We also hope that the study of Weyl-orbit functions will
impact conformal field theory.
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